Abstract. We investigate the (electro-)geodesic structure of the MajumdarPapapetrou solution representing static charged black holes in equilibrium. We assume only two point sources, imparting thus the spacetime axial symmetry. We study electrogeodesics both in and off the equatorial plane and explore the stability of circular trajectories via geodesic deviation equation. In contrast to the classical Newtonian situation, we find regions of spacetime admitting two different angular frequencies for a given radius of the circular electrogeodesic. We look both at the weak-and near-field limits of the solution. We use analytic as well as numerical methods in our approach.
Introduction
Study of geodesics has been one of the main tools in the investigation of the physical properties of spacetimes since the very establishment of general relativity-for a general review of both geodesics and electrogeodesics for the Reissner-Nordström as well as other spacetimes, see, for example, the classical book by Chandrasekhar [1] . Besides revealing the causal structure of the spacetime, geodesics help us build our intuition about the solution and connect it to the classical Newtonian case, if possible. It may also be possible to interpret parameters appearing in the solution and restrict their ranges based on physically reasonable requirements on the behavior of geodesics.
Until this day, new papers are still appearing on geodesics in Kerr [2, 3] , which is certainly very important for astrophysical applications, or even in Schwarzschild [4] . With the advent of the AdS/CFT conjecture there has been renewed interest in the geodetical structure of spacetimes involving the cosmological constant [5, 6, 7] . In these
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cases, there is usually some test-particle motion which is not allowed in the Schwarzschild spacetime or the interval of admissible radii extends farther, which is also the case here as we can reach the axis. The different allowed ranges could perhaps enable us to distinguish between the various solutions through direct observation. The general method is to find the appropriate effective potential and study its properties and that is also the approach we adopt in the present paper.
The Maxwell field possibly present in the spacetime influences test-particle motion in two ways: firstly by deforming the spacetime, which also has an effect on neutral particles (or even photons [8] ), and, secondly, by generating Lorentz force acting upon charged particles. We focus here on the second effect, which was also studied in [9, 10] in the case of Kerr-Newmann solution, where there are two different angular frequencies for a circular equatorial orbit of a given radius due to co-and counterrotation of test particles. Papers [11] and [12] investigate charged electrogeodesics in ReissnerNordström with and without the cosmological constant, respectively, but they do not discuss the existence of double frequencies of circular orbits unlike [13] where the two different solutions are discussed for the pure Reissner-Nordström spherically symmetric spacetime. Circular orbits are important in astrophysics where they determine the appearance of accretion disks around compact objects. It is thus of interest that a spacetime admits orbits of the same radius but different angular velocities. In principle, the double frequencies could show in observations of plasma orbiting charged sources.
In this paper we introduce charged test particles to an axially symmetric static spacetime consisting of two black holes of charges equal to their masses to ensure a static equilibrium between their gravitational attraction and electrostatic repulsion. That is, these are in fact two extremally charged black holes. This is a special case of the Majumdar-Papapetrou class of solutions [14, 15] , which admit point charges with a flat asymptotic region [16] . There are two independent scales characterizing the spacetime: it is determined by the masses of the two black holes and their distance but we can always rescale the masses by the distance so there are only two free parameters. We find static positions of the test particles and compare them both to the geodesic case studied previously [17] and the classical non-relativistic solution. We then specifically investigate linear and circular motion of these charged test particles, focussing on analytic solutions while also using numerical approach as required in the study of geodesic deviation.
Although the spacetime is not physically realistic due to its extremal charge, it is an interesting exact solution exhibiting axial symmetry. In fact, with multiple black holes of this kind, one can prescribe any discrete symmetry or even remove it altogether. Perhaps unrealistic but the studied spacetime is still mathematically rewarding since this is an exact solution of Einstein-Maxwell equations and we can use analytic approach throughout most of our paper.
The paper is structured as follows: in Section 2 we review the Newtonian case of two charged point masses in static equilibrium and study motion of charged test particles in their field to be able to check and compare our later results. The background field is the classical analog of the extreme Reissner-Nordström di-hole metric, which we introduce in Section 3. We then investigate static electrogeodesics (Section 4) and test particles oscillating along the z-axis (Section 5). In Section 6 we study general circular electrogeodesics to concentrate on the equatorial case in Section 7. In the final Section 8 we briefly look at the stability of geodesics from the point of view of geodesic deviation.
The Newtonian case
Let us start with the Newtonian case of two static massive point charges with their gravitational attraction balanced by their electrostatic repulsion and then let us add a charged massive test particle to study its motion. Suppose that the sources of the field have masses M 1 , M 2 and charges Q 1 , Q 2 (of the same sign) chosen in such a way that the particles are in a static equilibrium regardless of their positions. We have the relation (in CGS):
where G is Newton's gravitational constant-in the following we use the geometrized units G = c = 1. ‡ Without loss of generality we choose both charges to be positive § and put the particles to z = a > 0 (M 1 ) and z = −a (M 2 ), respectively, using the standard cylindrical coordinate system ρ, φ, z . The electrostatic and gravitational potentials, ϕ e and ϕ g , read
The Lagrangian L of the test particle of charge-to-mass ratio q is
where the dot denotes derivative with respect to Newtonian absolute time while in the relativistic case (from Section 3 onward) it denotes derivative with respect to proper time. We thus obtain a set of equations
−z. (6) ‡ For two particles, one can choose any combination of charges and masses satisfying
is required for three or more sources of the field and in GR. § When the charges are negative the electric potential (or the 4-potential in GR) changes sign.
In fact, we can rescale the problem and measure ρ, z, t, M 1 , and M 2 in terms of a so that a = 1.
Static and circular orbits
Looking for circular orbits withρ = 0,ż = 0 we haveφ = 0 and thus define ω ≡φ, finding several solutions. Firstly, the static case ω = 0, q = 1 with the test particle located anywhere (we can immediately see from (3) and (2) that this is equivalent to a free particle, generally moving along a straight line at a constant velocity). Additionally, if ρ = 0, we need to solve (6) only to get static points located along the z-axis at
where M ≡ M 1 /M 2 and the test particle is allowed to have an arbitrary charge-to-mass ratio q. Finally, we have a solution of the form
It follows that |z| < a and 1 ≥ q so the circular orbits may only occur in planes parallel to z = 0 between the two point masses.
Oscillation along the z-axis
It is of interest that there are also periodic solutions lying entirely within the z-axis. These necessarily entail the condition |z| < a ¶, using which, the equation of motion can be rewritten as 1
Integrating the last relation, we find 1 2
We will not give here the full solution as it leads to a complicated expression involving elliptic integrals and, instead, we will simply find the turning points withż = 0:
We conclude that, for q > 1 there are generally periodic orbits with purely axial motion. It seems that the position of the turning points is independent of the test particle's charge. However, E = E/(1 − q) where E is energy per unit mass of the particle. We now proceed to discuss the relativistic situation. When discussing the Newtonian limit of the relativistic solutions, we must bear in mind that the above ¶ In fact, one needs to follow through with (11) solutions are only relevant for slow motion and weak fields, i.e., at distances from both point sources much greater than their masses.
The extreme Reissner-Nordström di-hole metric
The extreme Reissner-Nordström di-hole metric reads
with
where x denotes the spatial position of point sources in Cartesian coordinates. The geometry describes a system consisting of two static black holes with charges equal to their masses and located on the z-axis at z = ±a. Their electromagnetic field is described by the 4-potential
The geometry is axially symmetric so it is useful to replace the Cartesian coordinates with the standard cylindrical ones, ρ, φ, z. The metric, function U , and the Maxwell 2-form, F , then take the form
Consider a test particle with a charge-to-mass ratio q. Its Lagrangian reads
yielding the following equations of motion
The coordinates t and φ are cyclic so the integrals of motion are
These are the energy of the particle, E, and projection of its angular momentum on the z-axis, L z . For a vanishing charge of the test particle, these relations are consistent with those for an uncharged test particle [17] .
Static electrogeodesics
For simplicity, we first investigate the static solutions x µ = (t, ρ 0 , φ 0 , z 0 ) with spatial coordinates independent of the proper time, τ , to obtaiṅ
A particularly simple solution with arbitrary ρ 0 , z 0 , φ 0 reads x µ = (U τ, ρ 0 , φ 0 , z 0 ) and requires q = 1. In fact, since the charge-to-mass ratio of the test particle is the same as for the two black holes, this corresponds to an exact solution of the full EinsteinMaxwell equations apart from the field due to this additional point source itself. There are, however, additional static solutions, requiring ∂ ρ U = 0 and ∂ z U = 0 which means there is a single point z eq on the z-axis where a test particle can be static. It can have an arbitrary charge since q drops out of the equations. From ∂ z U = 0 we infer
with the solution
This relation, plotted in Fig. 2 , is identical to the Newtonian expression (7). For equalmass black holes, the stationary point is located at the center while for M = 1 it lies closer to the less massive black hole and it is identical to that of an uncharged particle as calculated in [17] . 
Oscillation along the z-axis
Similarly to the classical case, there are periodic solutions limited to the z-axis when the equations of motion reduce to the conservation of energy and normalization of the 4-velocity as followṡ
Unlike the classical case, the test particle can reach the non-singular points z = ±a now and cross the horizon. This, however, does not produce a periodic solution since the particle can never come back. As in the classical case, we need to discuss the ranges z ∈ (−∞; −a], z ∈ [−a; a], and z ∈ [a; −∞) separately. We define
and search for the turning points with f = 0. We always have lim z→±a f (z) = +∞. We are thus looking for neighboring turning points separated by an interval with f > 0 which means we are looking for local maxima. We now rescale the two masses and z by a so thatM 1 ≡ M 1 /a,M 2 ≡ M 2 /a, andz ≡ z/a and drop the tildes. Let us begin with z ∈ (−∞; −1) where we can write
We find
The first bracket never vanishes while the second has no extremum as its derivative yields again the first bracket. Therefore, the second bracket has at most one root within (−∞; −1] and f has a single extremum here, which is then necessarily a minimum due to the fact it diverges to +∞ at z = −1. We thus cannot have periodic motion of test particles here. The same line of reasoning also applies to the case z ∈ [1; −∞) so that we now proceed directly to the case z ∈ [−1; 1]. We have
and
The first bracket has two roots now but only one of them lies within [−1; 1]. Similarly, the second bracket only has a single local extremum here and thus at most two roots. We conclude that f has at most three local extrema yielding a single possible interval for periodic motion around the middle value. To summarize, oscillatory z-motion of test particles is only allowed between the hypersurfaces z = ±a. In Figure 3 we give an example of such motion. (a) Position. . We plot here the position and velocity of the test particle as functions of its proper time. We notice the frequency is about ten times lower than in Figure 1 .
Investigating now (35), we can express the turning points as follows
As lim z→±1 f = ∞, the condition for oscillation is that all the turning points must lie between the black-hole horizons z 2 i < 1 and f (z eq ) > 0, which is not always the case. This is generally a complicated system so we restrict the situation to black holes of equal masses. We find that z 3 < z 1 , z 2 < z 4 , z 2 = −z 1 , z 4 = −z 3 . The oscillation takes place between the two turning points nearest to the origin. Table 1 sums up the two possible cases.
In the limit M/a → 0 all the turning points approach z = ±1 where their distance from the singularity is of the same order as the mass of the black holes and, therefore, there is no Newtonian limit and we cannot compare (37) to (12) .
Range of q Range of E
Range of M Turning points 
Circular electrogeodesics
We now assume ρ, z constant so that the normalization and electrogeodesic equations read
Equations (40, 42) can be easily integrated to yield φ = ωτ and t = γτ . If we require the bracket in (43) to vanish and combine this with (41), we only get the previous static solution with q = 1. Therefore, we must have ∂ z U = 0, which results in the following relation
which can be inverted (for z = 0, see the next section) as
As in the Newtonian case, these orbits only exist for |z| < a. Moreover, they only admit z ≥
M−1 M+1
≥ 0 (ρ → ∞ for equality) and
≤ 0 (ρ = 0 for equality). Finally, we get the following formulae for ω and γ
Since these equations are generally quadratic, we expect up to two solutions for ω and γ (the sign of ω only describes clockwise or counterclockwise motion). However, (46) and (47) become linear for the special case of 2ρ∂ ρ U + U = 0, yielding
with 0 < q ≤ 1. This gives a particular set of radii for possible orbits which, interestingly, coincide with the positions of null circular geodesics as discussed in [17] so we have the same radius with a photon or a charged massive particle (at different velocities, of course).
On the other hand, the general solution of (46) and (47) reads
We conclude that there can be two different values of angular velocity for a given orbital radius since the electrogeodesic equation contains both linear and quadratic terms in γ with the linear one stemming from the Lorentz force. This is very different from the case of a neutral test particle and also from the classical Newtonian case with a charged particle where in both cases the orbital radius determines a single angular velocity.
In the following discussion we specialize to trajectories within the equatorial plane. This fixes z = 0 but, on the other hand, ρ can be arbitrary and we ultimately have 3 independent parameters. If, instead, we left the equatorial plane then ρ would be fixed by (45) but the masses of the two holes would be independent, resulting in 4 parameters which would render the discussion even more complicated without bringing any new type of solutions into the play and we thus only investigate the simpler case of equatorial orbits.
Circular electrogeodesics within the equatorial plane
We now investigate the special case of z = 0. It follows from (44) that this is only possible if the two black holes have equal masses, M 1 = M 2 ≡ M . The function U then simplifies to
In this case, the orbital radius, ρ, can be arbitrary as (44) is an identity and (45) does not apply.
Weak-and near-field limits
In the asymptotically flat region M/ρ → 0 (the Newtonian limit) we find
and near the axis with ρ/a → 0 (strong relativistic effects if M a) we have
As we require γ > 0, we only have a single solution with the upper sign in both asymptotic regions. The leading order of the angular velocity requires q < 1 and it is consistent with the classical solution (near the axis we need to assume a weak field with M a). Therefore, asymptotically, a given radius of orbit only corresponds to a single orbital frequency. This, however, is not the case generally as we will discuss in the following section. This might have an observable effect for particles orbiting compact charged objects. It is of interest that this does not occur in the strongest field along the axis but farther outside.
Existence of solutions
We proceed by discussing the regions where both solutions (50), (51) exist. This also occurs in Reissner-Nordström geometry as discussed in [13] and mentioned in [12] . Our requirements are that γ ± be positive and ω 2 ± non-negative. Equation (51) can be written as
and we thus have a stronger condition γ ± ≥ U since U and γ ± are positive. The discussion is very complicated since we have 3 independent parameters appearing in our expressions (after rescaling everything by a). For this reason, we just summarize the results in three tables below. The values used in the tables are defined as follows
These are not constants-as opposed to M -but rather functions of ρ, a, and possibly q (in fact, we can again rescale everything using a as our basic unit). We give below plots of these functions to understand the conditions appearing in the tables. As all the M 's diverge for ρ → ∞ we only get a limited range of admissible radii apart from the second row in Table 2 . If M = M lim we get the special case discussed in (48, 49). The most interesting option is summarized in Table 4 . These are the regions in the parameter space where we get both solutions and, therefore, two different frequencies for the same radius of a circular orbit. This, however, can only occur between ρ = a and a finite radius given by the last column in Table 4 . We thus conclude that we can only get both solutions simultaneously in the vicinity of the axis but not directly upon it. 
Conclusions
We have investigated paths of charged test-particles in the background field of two extremally charged black holes held in equilibrium by their electromagnetic field. The spacetime is static and axially symmetric. We note that some of the trajectories we studied do not admit a Newtonian limit since they do not avoid the strong-field regions near the black-hole horizons. It is of interest that as opposed to the Newtonian case, there are regions with two different angular velocities for a single radius of the orbit, which might have observable consequences. This may be the case for all charged, static, asymptotically flat spacetimes as these approximate the Reissner-Nordström. However, it may happen that the double-frequency region is empty and one would need to study these cases separately. It would then be rather interesting to study the same problem in the Kerr-Newman stationary spacetime. It is to be seen whether the region of double frequencies would be stable under perturbations or not.
